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Abstract

In this paper, we study internal properties of a Cosserat media.
In fact, by using groupoids and smooth distributions, we obtain a
three canonical equations. The non-holonomic material equation for
Cosserat media characterizes the uniformity of the material. The
holonomic material equation for Cosserat media permits us to study
when a Cosserat material is a second-grade material. It is remarkable
that these two equations also provide us a unique and maximal
division of the Cosserat medium into uniform and second-grade parts,
respectively. Finally, we present a proper definition of homogeneity
of the Cosserat medium, without assuming uniformity. Thus, the
homogeneity equation for Cosserat media characterizes this notion of
homogeneity.
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1 Introduction

In Continuum Mechanics a body is represented by a three-dimensional
manifold B which can be covered with just one chart. A configuration
is an embedding of B in R3, and it is usual to identify the body with one of
its configurations ¢y, which is called a reference configuration. A change of
configuration v o ¢, ! is said to be a deformation.

A relevant problem is the following: given a mechanical response as a function
of the positions on the body and the 1—jets of the local diffeomorphisms of
the body, how to decide if the body is uniform, namely, all the points of
the body are made of the same material. A second crucial question is about
the homogeneity of the body, which expresses the absence of defects of the
material body.

W. Noll developed a geometric theory to deal with the properties of uniform
bodies in his thesis [32] (see also [33, B7]) as well as its homogeneity. In
that theory, he studies the model of simple materials in which the properties
of the body are encoded in the constitutive law, a function depending on
the gradient of the deformation. This allows us to introduce the concept
of material isomorphisms and re-interpret the uniformity in terms of the
existence of a parallelism of such material isomorphisms. In addition,
the homogeneity is characterized by the integrability of such parallelisms.
Moreover, the use of G—structures has redefined the formulation and facilited
the derivation of specific results (see for example [111 13} [14] 17, 19]). In fact,



the lack of integrability of the associated G—structure manifests the presence
of inhomogeneities (such as dislocations). Thus, we may say that the theory
of inhomogeneities of smoothly uniform simple materials is well established
in terms of differential geometric structures. Nevertheless, in the absence of
uniformity, these G—structures do not exist.

As a further step in the study of uniformity and homogeneity, one can use
the notion of groupoid; indeed, the collection of all the possible material
isomorphisms on a body B has the structure of subgroupoid of the Lie
groupoid of all 1—jets of local diffeomorphisms from B into itself, II* (B, B).
As a difference with the G—structures, the existence of this groupoid, called
material groupoid, does not depend on the uniformity of the material. In fact,
the material groupoid may always be constructed for any material body.

However, the material groupoid is not necessarily differentiable. Indeed,
the property of differentiability of this groupoid works to characterize some
material property, as for example the smooth uniformity. In a series of
papers [20, 22, 23, 25], we have developed a new theory of uniformity
and homogeneity without the necessity of smoothness. Indeed, even if a
subgroupoid of a Lie groupoid is not a Lie subgroupoid itself, one can
generalize the construction of the asociated Lie algebroid, obtaining the
so-called characteristic distributions. This result permits us to extend the
concept of uniformity as well as consider homogeneity even if we are not in
presence of uniformity.

However, there are many non-simple materials. In fact, materials like
granular solids, rocks or bones cannot be modelled without extra kinematic
variables [2]. The theory of generalized media was introduced by Eugéne and
Francgois Cosserat between 1905 and 1910. The Cosserats associated to each
point of the body a family of vector (directors). In a more mathematical
way, a Cosserat continuum can be described as a manifold of dimension m
and a family of n vector fields on the manifold. Some of the developments of
the theory can be found in Maugin [30, [3I] or in Kréner [27]; we also remit
to the work by Eringen [2I]. A particular case of Cosserat material are the
second-grade materials. According with the article [18], B is a second-grade
material, if all the material isomorphisms are natural prolongations to
the frame bundle of the induced diffeomorphisms on the basis. In other
words, all the material isomorphisms are 1—jets j}gyF 1, where v is a local
diffeomorphism on the body B.



The geometrical structures which are necessary to develop a rigorous theory
have been available for some time. Actually, the notion of director given by
Cosserats is closely related with frame bundles. In 1950 C. Ehresmann (see [7,
8, 9, 10]) formalized the notion of principal bundles and studied many frame
bundles associated in a natural way to an arbitrary manifold: non-holonomic
and holonomic frame bundles. Thus, we can intepret a Cosserat medium as
a linear frame bundle F'B of a manifold B, the macromedium, which can
be covered with just one chart (see [I5]). Then, a configuration of FB is
an embedding ¥ : FB — FR? of principal bundles such that the induced
Lie group morphism is the identity map. We fix a configuration Wy, as
the reference configuration, and a deformation is a change of configurations,
xX=YoVl, L

The constitutive elastic law is now written as
W = W(X,F),

where X is a point of the macromedium and F' is the gradient of a
deformation y at a point X. Since y is a morphism of principal bundles,
F' depends only on the base points. This constitutive equation permits us to
associate to each two points X, Y of B the family of material isomorphisms
from X to Y (which could be empty), i.e., the 1—jets G at X of the local
principal bundle isomorphisms from X to Y which satisfy that

W(X,F-G) = W(Y,F),

for all deformation gradients F' at Y.

The present paper is devoted to extend the construction of the characteristic
distribution for Cosserat media. In particular, we have proved that,
associated to any Cosserat media there are two well-defined characteristic
distributions, the non-holonomic material distribution of second order and
the holonomic material distribution of second order, respectively.

These distributions are generated by the left-invariant vector fields which
are in the kernel of TW (Eq. (I)) and the complete lift of vector fields on
the macromedium B which are in the kernel of T'W, respectively. These
facts induce two distinct equations which permit us to construct these
characteristic distribution,



e Non-holonomic material equation for Cosserat media (IS)
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Furthermore, we have proved that the Cosserat media may be canonically
divided into smoothly uniform parts, and second-grade parts. The spaces of
solutions of these equations characterizes these two properties (Theorems 0]

11 I3, and [14]).

Finally, we have studied the property of homogeneity. In particular, we
defined, by first time, a notion of homogeneity which is valid for non-uniform
Cosserat materials and generalizes the well-known notion of homogeneity.
Roughly speaking, a Cosserat material will be homogeneous, when each
smoothly uniform material part is homogeneous and all the uniform material
submanifolds can be “straightened at the same time”. Thus, we found another
differential equation,

e Homogeneity equation for Cosserat media (23]
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which characterizes this intuitive notion of homogeneity.

The paper is structured as follows. Section 2] is devoted to present a brief
introduction to frame bundles and groupoids, focusing on the properties and
examples which are necessary for the development of the paper. Here, we
recall the notion of characteristic distribution associated to an arbitrary
subgroupoid of a Lie groupoid. Section [3 is devoted to present Cosserat
materials, next to the relevant definitions associated to this model. It is
important to recall that these two sections are introductory. In fact, the



novelty results start with section [4. Here, we present a detailed construction
of the non-holonomic material distribution of second order, the holonomic
material distribution of second order, the non-holonomic material equation
for Cosserat media (I8]), and the holonomic material equation for Cosserat
media (I9). We prove here that the Cosserat media is uniquely divided
into smoothly uniform parts, and second-grade parts. Furthermore, we the
solutions of these equations permits us to calculate these divisions of the
material body in a precise way.

Finally, section [ is devoted to define and study the homogeneity of a
(non necessarily) uniform Cosserat body. In particular, the solutions of the
homogeneity equation for Cosserat media (25) permits us to characterize this
new notion of homogeneity.

2 On frame bundles and groupoids

Let us start with the notion of principal bundle (see [26]) and, as relevant
cases, we will introduce the concept of frame bundle of a manifold. This will
permit us to work with Cosserat materials.

Definition 1. Let P be a manifold and G be a Lie group which acts over P
by the right satisfying:

(i) The action of G is free, i.e.,
xg =2 & g=e¢,
where e € (G is the identity of G.

(ii) The canonical projection w : P — M = P/G, where P/G is the space
of orbits, is a surjective submersion.

(iii) P is locally trivial, i.e., for each point z € M there is a neighborhood U
of x such that P is locally a product U xG. More precisely, there exists a
diffeomorphism @ : 77! (U) — U x G, such that ® (u) = (7 (u), ¢ (u)),
where the map ¢ : 77! (U) — G satisfies that

¢ (ua) = ¢ (u)a, Yu € U, Ya € G.

® is called a trivialization on U.



A principal bundle will be denoted by P (M,G), or simply 7 : P — M if
there is no ambiguity about to the structure group G. P is called the total
space, M is the base space, G is the structure group and 7 is the projection.
The closed submanifold 7! (z), z € M will be called the fibre over x. For
each point v € P, we have 7! () = uG, where 7 (u) = z, and uG will
be called the fibre through u. Every fibre is diffeomorphic to G, but this
diffeomorphism depends on the choice of the trivialization.

Definition 2. Given P (M, G) and P’ (M',G") principal bundles, a principal
bundle morphism from P (M,G) to P'(M',G') consists of a differentiable
map ¢ : P — P’ and a Lie group homomorphism ¢ : G — G’ such that

O (ua) = ®(u)p(a), Yu e P, Ya € G.

Notice that, in this case, ® maps fibres into fibres and it induces a
differentiable map ¢ : M — M’ by the equality ¢ (x) = 7 (P (u)), where
uent(x).

P (M,G) is said to be a subbundle of P'(M',G’) in case that the maps
characterizing the principal bundle morphism are embeddings. In such a
case, we can identify P with ® (P), G with ¢ (G) and M with ¢ (M).
Finally, a principal bundle morphism is called isomorphism if it can be
inverted by another principal bundle morphism.

Example 1. Given a manifold M and G a Lie group, we can consider M x G
as a principal bundle over M with projection pry : M xG — M and structure
group G. The action is given by,

(x,a)b= (x,ab), Yx € M, Va,b € G.

This principal bundle is called a trivial principal bundle.

Now, we will introduce an important example of principal bundle, the frame
bundle of a manifold. In order to do that, we will start with the following
definition.

Definition 3. Let M be a manifold. A linear frame at the point © € M is
an ordered basis of T, M.



Remark 1. Alternatively, a linear frame at z can be viewed as a linear
isomorphism z : R® — T, M identifying a basis on T, M as the image of the
canonical basis of R™ by z.

There is a third way to interpret a linear frame by using the theory of jets.
Indeed, a linear frame z at * € M may be considered as the 1-jet j&m¢ of
a local diffeomorphism ¢ from an open neighbourhood of 0 in R™ onto an
open neighbourhood of = in M such that ¢ (0) = z. So, z = Ty¢.

O

Thus, we denote by F'M the set of all linear frames at all the points of M.
We can view F'M as a principal bundle over M with the structure group
Gl (n,R) and projection my : FM — M given by

mr (Jo.®) = T, Vig 0 € FM.

This principal bundle is called the frame bundle on M. Let (2°) be a local
coordinate system on an open set U C M. Then we can introduce local
coordinates (xi, x;) over FU C F'M such that

L (k,g) = 2809 0

L 7
8:c|0

If ¢ : N — M is a local diffeomorphism, we denote by F¢ : FN — F'M the
local isomorphism induced from ¢, and defined by

We will denote by e; the frame j&ol dgn € FR", where Idg~ is the identity
map on R™. Let ¥ : FR" — FM be a local isomorphism of principal
bundles such that its domain contains e;, and whose induced isomorphism
on Lie groups is the identity, i.e.,

U(z-9)=V(2) g, Vz€ Dom (V) C FR", Vg € Gl (n,R").
We denote by ¢ : R — M the local diffeomorphism induced by ¥, i.e.,
Yo mrn =m0 V.
Notice that, jell,q/(el)\lj can be identified with a linear frame at the point

U (ey) since T, U : T, (FR") = R"+"* — Ty(e,)F'M is a linear isomorphism,

8



and, therefore, the collection of all 1—jets jell,\ll(el)\ll7 denoted by oM , is
a submanifold of F'(FM). Associated to this manifold, we may construct
three canonical projections 72, 72 : F°M — FM and 7 : F°M — M given
by:

o T <jell,\ll(el)\ll> =1 (0)
These projections are related as the following commutative diagram shows

~9
T

FM

3|

v
FM M

M

A direct computation shows that F'Mis a principal bundle over F'M with
canonical projection 72 and structure group,

2 1 2on o1
Gi(n) =l VEF R/ U(er)=e} =71 (e1).

Notice that @f (n) is a Lie subgroup of Gl (n+ n? R) acting on F’M by
composition of jets. We also have that F'Mis a principal bundle over M
with canonical projection 72 and structure group

G (n) == {j wey? € FR"/ 4 (0) = 0} =72 (0),

which, again, acts on oM by composition of jets. The principal bundle
F°M will be called the non-holonomic frame bundle of second order and
its elements will be called non-holonomic frames of second order. There
are more principal bundles defined over the 1—jets of local isomorphisms



jel1 wen¥ on FM (holonomic and semi-holonomic). To know about the
relations between them see [6].

By taking into account the coordinates defined on FM, given
a local coordinate system (z) on an open set U C M,
we can introduce local coordinates (xi, x;) over FU C
FM and, hence, we can also introduce local coordinates
((2f,2) , a?), 2y, @t 2t y,) over F(FU) such that

. d(x' o)
i 1 \I/ P S
° 1'7] (]el,Z ) 825"‘761
o d(xt o)
o 'y (J,2Y) = .
Jk ( 1,4 ) axi‘|61
. 0 (1’7‘ o \I/)
o (i) = 25
o 9 (zl o)
® T (Jell,z ) = 781{?'
e1

Thus, restricting to F U we have that

Ty =

° x;kl = :L’}C(Slj
Then, the induced coordinates on F°U are given by

(" 5) 2o 2) (2)

in such a way that

® Ty (xl,x;) =z

o mpy (2, 2h) , afy, 2ty ol 2t )) = (o, o)

o M ((¢',27) 2y, 73) = (o, 25)



We will give here a very brief introduction on (Lie) groupoids and the relation
with (smooth) distributions which is crucial to understand the results proved
in this paper. For a detailed study we refer to [4] (see also [23] 22]). For
groupoids we recommend [29].

Definition 4. Let M be a set. A groupoid over M is given by a set
I' equipped with the maps o, : I' — M (source map and target map
respectively), € : M — T' (section of identities), i : I' — ' (inversion
map) and - : I'gy = I' (composition law). Here, I'(yy denotes the k-tuplas

(g1,....95) € T'x B, xI such that o (g;) = B (gis1) fori =1,...,k—1. The
following properties are satisfied:

(1) o and B are surjective and for each (g,h) € I'(9),
a(g-h)=a(h), B(g-h)=p5(g).

(2) Associativity of the composition law, i.e.,

(3) Forall g €T,
g-e(a(g) =g=¢€(B(9)) g

In particular,
aoeoa=aqa, foeof=00.

(4) For each g € T,

i(g)-g=c¢lalg), g-ilg)=€(B(9)).

Then,
aoi=[f, [oi=aq.

These maps («, f3, €, i, and -) will be called the structure maps. We will
denote this groupoid by I' = M.

Observe that, since o and S are surjective we get

aoe=Idy, [oe=Idyy,

11



where Idy; is the identity at M.

Sometimes M is denoted by I'(p) and it is identified with the set e (M) of
identities of I'. T"is also denoted by I'(;y. The elements of M are called objects
and the elements of I" are called morphishms. The map (o, 5) : ' = M x M
is called the anchor map and the space of sections of the anchor map is
denoted by (o) (I'). Finally, for each g € I' the element i (g) is denoted by
g "

Roughly speaking, a groupoid may be depicted as a set of “ arrows” (I") joining
points (M), in such a way that any two arrows may composed if the ending
point of one coincides with the starting point of the other. Then, assuming
natural conditions derived of the properties of a composition in a group, we
get the definition of groupoid.

Example 2. A group G is a groupoid over a point and the operation law of
the groupoid, -, is the operation in G.

Next, let us describe the crucial example of groupoid for the purpose of this
paper.

Example 3. Let A be a vector bundle on a manifold M. Denote by A,
the fibre of A over a z € M. Then, the set ® (A), consisting of all linear

isomorphisms L., : A, — A, for any z,y € M, may be endowed with the
structure of groupoid with structure maps,

(i) a(Lsy) ==
(i) 5 (Lay) =y
(i) Ly, Gypy=Ly,0Gsy, Ly, Ay = A, Gpy: Ay = Ay
We will call this groupoid as the frame groupoid on A.
A relevant case is the I-jets groupoid on M and it arises when A is the
tangent bundle TM of M. This groupoid is denoted by IT' (M, M). Notice
that any isomorphism L, , : T, M — T, M may be written as a 1—jet j;yw

of a local diffeomorphism ¢ from M to M. Recall that the 1—jet j;yﬁb may
be identified with the tangent map 7,4 : T, M — T,M (see [34] for details).

Definition 5. A subgroupoid of a groupoid I' = M is a groupoid I" =
M’ such that M’ C M, I'" C I" and the the structure maps of IV are the
restrictions of the structure maps of I.

Notice that the composition law of a subgroupoid is the same as that of the

12



correspondent groupoid.

Definition 6. Let I' = M be a groupoid with a and § the source map and
target map, respectively. For each x € M, the set

7= 67" (@) Na (),

xT

is called the isotropy group of T' at x. The set

O(x)=p(a"" (2)) =a (87" (2)),
is called the orbit of x, or the orbit of I' through .

Observe that the isotropy groups inherit a bona fide group structure.

Definition 7. If O (z) = M for all z € M (or equivalently (o, ) : I' —
M x M is a surjective map) the groupoid I' = M is called transitive. The

sets,
a t(x)=T,, B~ (z) =T,

are called a—fibre at x and S—fibre at x, respectively. We will denote
rvy=r,nlv,

for all z,y € M.

Definition 8. Let I' = M be a groupoid. We may define the left translation
by g € I' as the map L, : @ — %9 given by

h— g-h.

We may define the right translation by g, Ry : I'gg) — I'a(q), analogously.

Note that, the identity map on I'* may be written as the following translation
map,

Idps = Ly, (3)

For any g € I', the left (resp. right) translation on g, L, (resp. Ry), is a
bijective map with inverse L,-1 (resp. R,-1).

13



Definition 9. A Lie groupoid is a groupoid I' = M such that I" is a smooth
manifold, M is a smooth manifold and the structure maps are smooth.
Furthermore, the source and the target map are submersions.

A Lie subgroupoid of I' = M is a Lie groupoid I = M’ such that it is a
subgroupoid of I' satisfying that [V and M’ are submanifolds of I' and M
respectively.

As first example, any Lie group G is a Lie groupoid (see example [2]).

Example 4. The frame groupoid ® (A) on a vector bundle A (see example
B) is a Lie groupoid . Let us consider two local coordinates, (z¢) and (y/),
on open neighbourhoods U,V C M, respectively, and two local basis of
sections of Ay and Ay, {«,} and {5,}, respectively. The correspondent local
coordinates (z' o m,a?) and (y’ o, 37) on Ay and Ay are given by

e For any a € Ay, '
a=a’(a)a, (z' (7 (a))).

e For any a € Ay,

a = B"(a) By (v (7 ().
Then, we can construct a local coordinate system on ¢ (A)
o (AU,V) : (xiv yzjv yzj) )

where, Ayy = o™ (U) N B~ (V) and for each L,, € o™t (z) N~ (y) C
a ! (U)Nn B~ (V), we have

L.,)=2'(x)

o ¥ (Loy) =4’ (v)

o v/ (L,,) = Ar,,, where Ap_  is the associated matrix to the induced
map of L, , using the local coordinates (z‘ o 7,aP) and (y7 o m, 7).

o 7' ( zy)

In the particular case of the 1—jets groupoid on M, II' (M, M), the local
coordinates will be denoted as follows

(U, V) : (2,97, 47) (4)
where, for each j;yw eI (U, V)

14



Example 5. Let 7 : P — M be a principal bundle with structure group G.
Denote by ¢ : P x G — P the action of G on P.

Now, suppose that I' = P is a Lie groupoid, with ¢ : I' x G — I a free and
proper action of G on I' such that, for each h € G, the pair (ah, th) is an
isomorphism of Lie groupoids, i.e.,

ar (¢4 (9)) = én (ar (9)) Br (¢4 (9)) = ¢n (Br (9)) ,

where ar and Sr are the source and the target map of I' = P, and preserves
the composition, i.e.,

On (g1 92) = b1, (1) - D1 (92), Y (91, 92) € T2y,

Then, we can construct a Lie groupoid I /G = M such that the source map,
@, and the target map, 3, are given by

Blg) =7 (Br(9), a(lg)) =m(ar(9).

for all g € I, and [] denotes the equivalence class in the quotient space I'/G.
These kind of Lie groupoids are called quotient Lie groupoids by the action
of a Lie group.

Next, as an important example, we will introduce the second-order

non-holonomic groupoid.

Let M be a manifold and FM the frame bundle over M. So, we can
consider the 1—jets groupoid on FM, IT* (FM, FM) = FM.

Thus, we denote by J!(FM) the subset of II' (FM,FM) given by the
1—jets jlyy\lf of local automorphism ¥ of F'M such that

U(v-g)=V(v)- g, Yo &€ Dom(¥), Vg € Gl (n,R).

Let (z') and (y’) be local coordinate systems over two open sets U,V C M,
the induced coordinate systems over F'M are denoted by

FU (x’,x;)

15



FV:(y,yl).

Hence, we can construct induced coordinates over II* (F'M, F M)

I (FU,FV) = (a,8)" (U V)« ((,28) , (7, 4]) o0 s VL v

where for each jlY S ITI' (FU, FV), we have
+ ot () = ' (¥)

L

. 0 (y] o \If)
-1 7
¢ yg’k <]Y7m> al’k‘y
e 0 (yf o)
® Ui (JIY,Y\II> - 3@@

Then, using these coordinates, J' (FM) can be described as follows:
JHEUFV) = T (FM) 0 (0, 8) 7 (0V) : ((225) (v, 98) 50 0,0 vl )

where

yzjkl = (Z Y, (x_l):b> 5.

Thus, J'(FM) is a submanifold of TI' (FM, FM) and its induced local

coordinates will be denoted by

JHFUFV) (2 28), (vul) v vlh)

16



Finally, restricting the structure maps we can ensure that J' (FM) = FM
is a Lie subgroupoid of the 1—jets groupoid over F'M.

We may now construct j' (FM) as the set of the 1—jets of the form jk , F1),
where ¢ : M — M is a local diffeomorphism. Let (z%) be a local coordinate
system on M then, restricting the induced local coordinates given in Eq. ()
to j! (FM) we have that

J_ 0.0 . Joo_.J
Yi = Y% 3 Yik = Yk

We deduce that j! (FM) = FM is a reduced Lie subgroupoid of the 1—jets
groupoid over F'M and we denoted the coordinates on j' (F'M) by

INEUEV) (@ ag) s () s wie) s vl = i (6)

Now, we will work with a quotient space of J'(FM) (resp. j'(FM))
which will be our non-holonomic groupoid of second order (resp. holonomic
groupoid of second order).

We consider the following right action of Gl (n,R) over J' (FM),

O: JU(FM)xGl(n,R) — J'(FM)
<j1Y,7\I]’g> = jlY-g,?-g\I]

(7)
Thus, for each g € Gi(n,R) the pair (®,, R;) (where R is the natural right
action of G (n,R) over F'M) is a Lie groupoid automorphism. Therefore, we
can consider the quotient Lie groupoid by this action J' (FM) = M which
is called second-order non-holonomic groupoid over M.

We will denote the structure maps of J' (FM) by @ and § (source and target
maps respectively), € (identities map) and ¢ (inversion map). The elements
of J'(FM) are denoted by ji W with z,y € M and @ (j},V) = 2 and

B (2, ¥) = y.
Then, the induced local coordinates are given by
JUFUFV) = @B) " (UV): (o). (v u) howle) . ()

Considering ey, as the 1—jet through € M which satisfies that 27 (e,) = 0}
for all 4, j, for each j1 W € J' (FM) we have

o 2 (i1, 1) =o' (1)

17



« v (2, ¥) = =5
|z

- d(yl oW

* Yix (Uey¥) = éxkel )

Observe that we can restrict the action ® to an action of GI(n,R) over
jY(FM). So, by quotienting, we can build a reduced subgroupoid of
J'(FM) = M which is denoted by j' (FM) = M and is called second-order
holonomic groupoid over M. Finally, by restriction, the local coordinates on
Y (FM) are given by

FPEUEV) (), (wl) vlh) . vl =vla (9)

Denote the structure maps of the holonomic groupoid over M j' (FM) by
a, B . € and 1.

Finally, let us define two projections ﬁf and 1:[% from the non-holonomic
groupoid J' (FM) of second order, to the 1—jets groupoid II' (M, M), as

follows,
o : JY(FM) — I (M,M)
—1

i, o= U(X)[X ]

where X € FM is a frame at x. It is easy to show that ﬁf is well-defined
and, locally,

ﬁi ((xl) ) (y]>yg) >y,jiayzj,k) = (xi’yj’yg) .
On the other hand we consider
. JY(FM) — II'(M,M)
Jay¥ O a0
where 1 is the induced map of ¥ over M. Then, locally
]':[% ((xl) ) (y]>yzj) >y7jzayg,k) = (xlay]>y7jz) .

Notice that ﬁf and f[f are, indeed, Lie groupoid morphims over the identity
map on M (see [29]).
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Let us consider,
9= (). (" al) 90 al), F=((), (< F) F,,F),) € J (FB)
Then,
g-F= (=), (s uF") s @i 80 PR+ g, F)

Hence, the left-translation by g is given by,

("), (v, ghl) s &bl Gmbiys + ghuls) (10)

Thus, the induced tangent map is characterized by the following equilities:

i)
0 0
ko (%) = or

ii)

TL, (a%) = g}”% + gﬁ-,myf?%
i)

TL, (%) = g’}"b% + gijy?%
i)

These equalities will be useful in what follows.

It could rise the situation in which we need to work with a (non necessarily
Lie) subgroupoid of a Lie groupoid. To deal with this case, we have the
so-called characteristic distribution 4], 23].
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Let I' = M be a Lie groupoid and I' be a subgroupoid of I' (not necessarily
a Lie subgroupoid of I') over the same manifold M. We will denote by @, /3,
€ and i the restrictions of the structure maps o, 3, e and i of I' to " (see the

diagram below)
— 7 5T
M

where j is the inclusion map. Now, we can construct a distribution AT over
the manifold I' in the following way,

r

geT s AT, <T,T,

such that Ang is the fibre of AT at g and it is generated by the (local)
left-invariant vector fields © € X,. (I') whose flow at the identities is totally
contained in T, i.e.,

(i) © is tangent to the f—fibres,

©(g9) e T,57"(B(9)),

for all ¢ in the domain of ©.

(ii) © is invariant by left translations,

O (9) = Te(atg) Ly (O (e (a (9)))) ,
for all g in the domain of ©.
(iii) The (local) flow ? of © satisfies

for all z € M.

Notice that, for each g € I', the zero vector 0, € T,I" is contained in the fibre
of the distribution at g, namely AFZ. On the other hand, it is easy to prove
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that a vector field © satisfies conditions (i) and (ii) if, and only if, its local
flow ¢? is left-invariant or, equivalently,

Lyogy = oLy, Vg,t.

Then, taking into account that all the identities are in T' (because it is a
subgroupoid of T'), condition (iii) is equivalent to the following,

(iii)” The (local) flow ¢® of © at g is totally contained in T, for all g € T.

Thus, we are considering the left-invariant vector fields on I' whose integral
curves are confined inside or outside I'. It is also remarkable that, by
construction, this distribution is differentiable, i.e., for each point x and
for any vector v, of the distribution at x there exists a (local) vector field ©
tangent to the distribution such that,

O (z) = v,.

The distribution AT is called the characteristic distribution of . For the
sake of simplicity, we will denote the family of the vector fields which satisfy
conditions (i), (ii) and (iii) by C. The local vector fields of C will be called
admissible vector fields for the couple (F,F).

The structure of groupoid permits us to construct two more new objects
associated to the distribution AT . The first one is a smooth distribution
over the base M denoted by Afﬁ, called base-characteristic distribution.
The second one is a “differentiable” correspondence AT which associates
to any point x of M a vector subspace of T¢,)I". Both constructions are
characterized by the commutativity of the following diagram

r—A4 ., p(1r)
Rt
€ Af/// Ta

- =t
M —2AC P (TM)
where P (E) defines the power set of E. Therefore, for each x € M, the

21



fibres satisfy that

AT, = AT,

Afﬁ = Te(w)a (Afm)

T

It is remarkable that all the distributions introduced are not, necessarily,
regular.

Notice that, taking into account that AT s locally generated by
left-invariant vector field, we have that for each g € T,

=T =T
Arg = Te(a(g))Lg (Ars(a(g))) )

i.e., the characteristic distribution is left-invariant.

To summarize, associated to I we have three differentiable objects AT,
AT and AT Now, we will study how these objects endow I' with a sort
of “differentiable” structure. In particular, by using the Stefan-Sussman’s
theorem [306, [35] which deals with the integrability of singular distributions,
we may prove the following result:

Theorem 1. Let I' = M be a Lie groupoid and T be a subgroupoid of ' (not
necessarily a Lie groupoid) over M. Then, the characteristic distribution and
the base characteristic distribution are integrable by the foliations F and F,
respectively. Furthermore, T is a union of leaves of F.

F and F are called characteristic foliation and base-characteristic foliation,
respectively. Observe that,

(i) For each g €T,
F(g) C 8@

Indeed, if ¢ € T, then

(ii) For each g,h € I' such that a(g) = S (h), we have

Flg-h)=g-F(h).
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It is remarkable that property (i) means that each leaf of the foliation F

which integrates AT is contained in just one f—fibre, i.e., for each g € T’
the leaf F (g) satisfies that

for all h € F (g). Notice also that, one could expect that F (g) = 79 but
this is not true in general.

Observe that, any vector field © on I', may be projected onto a vector field
©f on M by the following identity:

e (r) = T x)ya(©(e(X))), Ve e M

In fact, any admissible vector field © for the couple (F,f) projects into a
vector field ©F tangent to base-characteristic foliation F.

As a complementary result, we may prove the following condition of
maximality [4], 23].

Proposition 2. Let G be a foliation of I' such that T is a union of leaves of
G and B
G(g) CTPW, vgel.

Then, the characteristic foliation F is coarser that G, i.e.,

G(g9) S Flg), VgeT.

Observe that, without assuming that I' is a manifold, Theorem [ and
Proposition @ prove that I may be divided into a mazimal union of leaves
of a foliation of T, i.e., I may be divided into “differentiable” parts in a
maximal way. This gives us some kind of “differentiable” structure over L.

Let us now construct an algebraic structure of a groupoid over the leaves
of F. We will consider the minimal transitive groupoid T' (F (x)) generated
by F (e(x)). This groupoid is, in fact, generated by imposing that for all
g, h € F(e(x)) 4,

_ 171 _ =
9.9 Lh geT (F(x)
Indeed, it is satisfies that,
T (F (2)) = UgernF (e(@(@))). (11)



i.e., I (F (x)) can be depicted as a disjoint union of fibres at the identities.
Observe that the S—fibre of this groupoid at a point y € F (x) is given by
F (€ (y)). Hence, the a—fibre at y is

Flely)=ioF(c(y)).

Furthermore, the Lie groups F (e (y)) NT, are exactly the isotropy groups of
I' (F (z)). All these results imply the following one (|23]):

Theorem 3. For each x € M there exists a transitive Lie subgroupoid
I'(F (x)) of I' with base F (x).

Thus, in fact, we have divided the manifold M into leaves F (x) which have
a maximal structure of transitive Lie subgroupoids of I'.

As a particular consequence we have that: T is a transitive Lie subgroupoid
of I' if, and only if, M = F (z) and I' = T'(F (z)) for some x € M.

3 Cosserat Media

Here, we will give a very brief introduction of a model for materials with
internal structure called Cosserat media (|3}, [15]).

Let us start with the so-called simple materials. A body B is modelized as
a three-dimensional differentiable manifold and each point X € B is called
material particle or material point. The material points will be written using
capital letters (X,Y, Z,...).

An embedding ¢ : B — R? is called a configuration of B. The 1—jet j}g(b(X)gb
of a configuration ¢ at X € B is called an infinitesimal configuration at X.
The points = € ¢ (B) C R? are called spatial particles or spatial points and
they will be denoted by lowercase letters (z,vy, 2, ... ).

We usually assume the existence of one of its configurations, say ¢,
called reference configuration, which is used to identify the body with an
open subset of R®. Given any arbitrary configuration ¢, the change of
configurations k = ¢ o ¢y ' is called a deformation, and its 1—jet jéo(x)7¢(x)/€
is called an infinitesimal deformation at ¢o(X). Coordinates generated by
the reference configuration will be denoted by capital letters X!, while any
other coordinates will be denoted by lowercase letters .

For elastic simple bodies, the material is completely characterized by one
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function W which depends, at each material particle X € B, on the gradient
of the deformation evaluated at the point. Thus, W is defined (see [11]) as a
differentiable map

W:BxGl(3,R)—=V, (12)

where V' is a real vector space. In general, V' will be the space of stress tensors
[28]. In fact, the contact forces at a particle X, in a given configuration ¢, are
characterized by a symmetric second-order tensor Ty 4 on R?, which is called
the stress tensor. Then, the mechanical response is given by the following
equation:

W (X, F)=Txg,

where F is the 1—jet at ¢ (X) of ¢ o ¢y'. Another equivalent way of
considering W is as a differentiable map

W I (B,B) =V,

by taking the associated matrix of the 1—jets jéO(X)7¢O(Y) (gbo o¢o gbo_l) for
each jyy¢ € IT' (B, B).

The picture describing the internal structure if a Cosserat medium is a little
bit more complicated. In particular, the continuum will be endowed with the
extra kinematic degrees of freedom provided by three independent deformable
vectors attached at each material particle. So, a Cosserat medium will be
modelized by the linear frame bundle F'B of a body B. B is usually called
the macromedium or underlying body. With some abuse of notation, we shall
call B the Cosserat continuum. Elements of F'B will be denoted by overlined
capital letters (X,Y,Z,...) and the elements of FR? will be denoted by
overlined lowercase letters (7,7, Z, ... ).

A configuration of a Cosserat medium F'B is an embedding ¥ : FB — FR? of
principal bundles such that the induced Lie group morphism 1) : Gl (3,R) —
Gl (3,R) is the identity map. Hence ¥ satisfies

U(X-g)=V(X) g, VX € FB, Vg € GL(3,R).
Notice that, ¥ induces an embedding ¢ : B — R3 verifying

s 0 ¥ = ¢ omp.
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In particular, ¢ is an embedding of the macromedium B in R3. Furthermore,
it satisfies that the subbundle ¥ (FB) of FR? is just the frame bundle of

¥ (B), i.e.,
U (FB) = Fy (B).

Since we are dealing with equivariants embedding, we can consider
equivalence classes of the 1—jets jL1 X (x )\If according to the action (7). So,

the equivalence class of an 1—jet quj (y>\If which is denoted by j5 WX )\If
like in the non-holonomic groupoid of second order, is called an infinitesimal
configuration at X. We usually identify the Cosserat medium with a
configuration, say ¥, : FB — FR3, and we denote by 1), the induced map
of Wy. Uy is called reference configuration. Given any configuration ¥, the
change of configuration & = W o W is called a deformation, and its class of
1—jets jv,lbo(XW(X)’% is called an infinitesimal deformation at 1y (X). Notice
that the induced map of &, is given by & = 1) o ;.

From now on we make the following identification: F'B = Fy (B).

Our assumption is that the material is completely characterized by one
differentiable function W : J' (FB) — V over a vector space V. This map
measures, for instance, the stored energy per unit mass and, again, we will
call this function response functional or mechanical response. Notice that,
by trivializing with the reference configuration, this map may be written

as a differentiable map W (X, F ) depending on the particles X on the

macromedium and the Jacobian matrix £ of the (local) isomorphisms from

FR3 to FR3.

Now, suppose that an infinitesimal neighbourhood of the material around
the point Y can be turned into a neighbourhood of X such that the
transformation cannot be detected by any mechanical experiment. If this
condition is satisfied with every material particle X of B, the body is said
uniform. We may express this physical property in a geometric way as
follows.

Definition 10. A Cosserat continuum B is said to be uniform if for each two
points X,Y € B there exists a local principal bundle isomorphism over the
identity map on GI (3, R), ¥, from FU C FB with X € U to F'V C FB with
Y € V, where U and V are open neighbourhood of M, such that ¢ (X) =Y
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and
W (j)lf,qb(Y)cI) © j_%(,Y\D) =W (jil/,¢(Y)q>) ) (13)

for all infinitesimal configuration j;. ¢>(Y)q>'

1—jets j}(y\If satisfying Eq. (I3)) will be called material isomorphisms from
X to Y and will be relevant for the sequel. Two material points X, Y will be
called materially isomorphic if there exists a material isomorphism from X
to Y. Notice that the relation of “materially isomorphic” is an equivalence
relation.

By composing the reference configuration with the material isomorphism, we
may prove the following result:

Proposition 4. Let FB be a Cosserat material. Two body particles X andY
are materially isomorphic if, and only if, there exist two (local) configurations
W, and Wy such that

W, (X, F) — W, (Y, F) | VF,
where W is the mechanical response associated to V; for 1= 1,2, and

This result provides us an intuition behind the notion of material
isomorphism. In fact, two particles will be made of the same material if the
mechanical response is the same under the action of two (possibly different)
reference configurations.

For any two particles X and Y, we will denote by G (X,Y) the collection of
all 1—jets ji ¥ which satisfy Eq. [I3). So, the set Q (B) = UxyesG (X,Y)
can be considered as a groupoid over B which is, indeed, a subgroupoid
of the second-order non-holonomic groupoid J' (FB). So, as an abuse of
notation, we will denote the structure maps of Q (B) using the same symbols

used for the structure maps of J' (FB). We will also denote @ (X) (resp.
1

B (X)) by Qx (B) (resp. v (B)). Q(B) is said to be the second-order
non-holonomic material groupoid of B.

Definition 11. Given a material point X € B a material symmetry at X

is a class of 1—jets j)l(, U, where ¥ is a local automorphism at X over the
identity map on GI (3,R), which satisfies Eq. (I3).

We denote by G (X) the set of all material symmetries which is, indeed, the
isotropy group of €2 (B) at X (see Definition [B)). So, the following result is
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obvious.

Proposition 5. Let B be a Cosserat continuum. B is uniform if, and only
if, Q (B) is a transitive subgroupoid of J' (FB).

Observe that the € (B) does not necessarily have a stucture of Lie groupoid.
Indeed, notice that the definition of uniformity is a pointwise property. In
fact, consider a uniform Cosserat body FB and a fixed particle X, for any
other particle Y we may choose a material isomorphism from Y to X, say
P (Y). So, we can construct a map P : B — J' (FB) consisting of material
isomorphisms. Nevertheless, P does not have to be differentiable. In other
words, even when the Cosserat manifold is uniform, the choice of the material
isomorphisms is not, necessarily, smooth.

Definition 12. A body B is said to be smoothly uniform if for each material
point X € B there is a neighbourhood U around X and a smooth map
P :U — J" (FB) such that for all Y € U it satisfies that P (V) is a material
isomorphism from Y to X. The map P is called a left (local) smooth field
of material isomorphisms at X. A right (local) smooth field of material
isomorphisms at X will be a smooth map P : U — J* (FB) such that for all
Y € U it satisfies that P (Y') is a material isomorphism from X to Y.

Assume that P is a right (local) smooth field of material isomorphisms at a
material point T'. Then, P generates a smooth section P of the anchor map

(6, 3) of Q (B) in the following way,
PX,Y)=P(Y)[P(X)] (14)

The converse is also true. In other words, any smooth section P of the anchor
map (a, B) of Q (B), generates a right smooth field of material isomorphisms
(and a left smooth field of material isomorphisms) satisfying Eq. (I4]). Notice
that, here, the word section has a categorical meaning; in fact, these sections
should satisfy that

P(Z,Y) P(X,Z)=P(X,Y), VX,Y,Z € B.

The smooth sections P of the anchor map (a, B) will be called smooth field
of material isomorphisms.
On the other hand, we may define a map

W (i1.6)®) =W (ir.0(0)®) -
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on the space of the 1—jets of local diffeomorphisms ® at a fixed material
point 7. We have that, for any 1—jet j31/¢(y)\lf

w (jsl/,w(y)‘l’) =W (jxl/,w(y)‘l’ o-P(Y))=W (jslf,w(y)‘l’ P (Y)) (15)

The meaning of Eq. (&) is that the dependence of the mechanical
response (near to a material particle) of the body coordinates is given by
a multiplication of j}lw(y)\lf to the right by a right smooth field of material
isomorphisms.

So, we may prove the following result,

Proposition 6. Let B be a Cosserat continuum. B is smoothly uniform if,
and only if, Q0 (B) is a transitive Lie subgroupoid of J* (FB).

In [24], authors assume that Q(B) is in fact a Lie subgroupoid to
characterized properties like uniformity and homogeneity. Here, we will not
assume this fact and, to deal with this problem, we refer to the characteristic
distributions |23, 4].

Let us present a particular case of this model, the so-called second-grade
elastic materials [5]. In this case, it is assumed that the material response
of the body B (see Eq. (I2])) not only depend on the first derivative of
the configuration, but on both the first and the second gradient of the
deformation. In other words, the mechanical response of a second-grade
material is given by a differentiable map

Wi (FB) =V

over a vector space V, where j! (FB) is the second-order holonomic groupoid

over B (see Eq. ([@)).

Remark 2. Let FB be a Cosserat medium, whose mechanical response is given
by W : J'(FB) — V. Then, taking into account that, the second-order
holonomic groupoid j'(FB) is a Lie subgroupoid of the second-order
non-holonomic groupoid J! (FB), we may restrict W into a differentiable
map W : j' (FB) — V.

Thus, one could think that any Cosserat material may be studied as a
second-grade material. However, due to the map W encoded all the internal
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properties of the material, we may lose information with the restriction. So,
the following question arise: How to ensure that the restriction does not
induce a “loss of information”. To answer this question, we refere to [18]. ¢

Let B be a Cosserat medium, with W as mechanical response. According
with the article [18], we will say that B is a second-grade material, if all the
material isomorphisms are natural prolongations to the frame bundle of the
induced diffeomorphisms on the basis, i.e., all the material isomorphisms are
1—jets j}(’yF 1, where 1) is a local diffeomorphism on the body B.

Let us consider the set €2 (B) of 1—jets ]}QYF’Q/) satisfying Eq. (I3]), for a local
diffeomorphism ¢ : B — B. In other words, €2 (B) is the set of all material
isomorphisms which are natural prolongations of local diffeomorphisms. It
satisfies that Q(B) has the structure of subgroupoid of the second-order
holonomic groupoid over B, j'(FB). It is also true that Q(B) is a
subgroupoid of the second-order non-holonomic material groupoid, 2 (B).
In fact,

Q(B) = QB)NJ' (FB) (16)

Q(B) is called second-order holonomic material groupoid. Therefore, for
any Cosserat material, there always are two canonically defined groupoids,
Q(B) and Q2 (B), which are useful to study the constitutive properties of the
material. In fact, we may use them to differenciate between second-grade

material and bona-fide Cosserat materials.

Proposition 7. Let B be a Cosserat medium, with W as mechanical
response. Then, B is a second-grade material if, and only if,

4 Cosserat characteristic distributions

Let FB be a Cosserat medium, whose mechanical response is given by
W : JY(FB) — V. Then, we have constructed two canonically defined

groupoids, Q(B) and Q(B), which are subgroupoids of the Lie groupoid
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i 1 (FB). However, these two groupoids do not have to be Lie subgroupoids of
J (FB) and, therefore, we are facing a framework in which the characteristic
distributions may be constructed.

The characteristic distribution A (B)T of the non-holonomic material

groupoid of second order will be called the non-holonomic material
distribution of second-order. On the other hand, the base-characteristic
distribution AQ (B)* will be called the non-holonomic body-material
distribution of second order.

Let © be an admissible vector field for the couple (jl (FB),Q (B)), ie., its

(local) flow WP (€(X)) at the identity € (X) = jk x/dpp, where Idpp is the
identity over F'B, satisfies that

UP (e (X)) € Q(B)

for all X € B and t in the domain of the flow at €(X). Therefore, for any
g € J' (FB) s, we have

0

TW(©(9) = Pt (W (97 (9)))
0
= (W (g-97 ((@(g))))
0
= Gi, (W (g)) =0.
Hence, we have that
TW(©)=0 (17)

The converse is proved in a similar way. Therefore, although the construction
of the characteristic distribution is quite abstract, in the case of a Cosserat
material this distribution may be completely described and calculated

following Eq. (I7). In fact, let us consider a (local) left-invariant vector
field © on J! (FB). Therefore, we have

e = @ii+®§i+@@i+@{k o
ozt~ toy; - oyi oyl

Then, by using that © is left-invariant and Eq. (I0), the local expression of

31



© may be written as,

;0
oxt

0
l l
1057 + 10,

@:

O} + y! 0! + 4O} .
a j [ylk yzl kT Y } ayi’k

where all the functions ©°, @’ @Z , and @Z depend on the material points
of the body manifold B (Whlch are given by (9), when the vector field
is evaluated on g¢). Thus, © is an admissible vector field for the couple

(jl (FB),Q (B)) if, and only if,

,OW OW . OW ;OW . OW oW
PO Yo T Y O |io 5+ Yy |+ O =0

Oz Oy; 3?Ji,k 3?4,2' 7 aym,i 8yi,k
(18)

In other words, to construct the non-holonomic material distribution of
second-order we have to find (local) functions on the body B, ©, @;, @fj
and ©7; solving the linear equation (I§). In this way, the local functions ©°

generate non-holonomic body-material distribution of second order AQ (B)F.
This equation will be called non-holonomic material equation for
Cosserat media.

Let us now work with the holonomic material groupoid Q (B). First, the
characteristic distribution AQ (B)" of the holonomic material groupoid
of second order will be called the holonomic material distribution of
second-order. On the other hand, the base-characteristic distribution
AQ) (15’)ti will be called the holonomic body-material distribution of second
order.

Next, let © be an admissible vector field for the couple (j Y(FB),Q (B))
Then, its (local) flow WP (€ (X)) at the identity €(X) = jk xIdpp is totally
contained in Q (B) C j' (FB). Therefore, this flow should be given by

\I’?(E(X)) J¢O (X),X F¢t

i.e., the flow of O is totally characterized by the flow of the projected vector
field ©f = Tav o © o€ (¥°). This kind of vector fields are sometimes called
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complete lift of ©F. So,

© = -6

a+ja®li+ja@li+ jﬁ_@l_'_ja@l_'_ja?@l 0
ozt 9z dy! Yoz oy, Yikggi T Vil gk T Y grigLk dyl

where the functions ©' depends on the material points of the body manifold
B. Thus, © is an admissible vector field for the couple (jl (FB),Q (B)) if,
and only if,

W 00! yjaW e, oW Ly oW Ly
Ot ot l ayj ) 8yfz Lk ayz{k m,l 8yf;w-

(2

e =0.

W |, o*el ;oW
Driock ayik
(19)

Therefore, to construct the holonomic material distribution of second
order, we have to solve a second order partial differential equation (I9)). In
particular, the functions ©° solving the PDE (I9)) generate the holonomic
body-material distribution of second order. This equation will be called
holonomic material equation for Cosserat media.

The foliations associated with the (non-)holonomic material distribution of
second order and the (non-)holonomic body-material distribution of second
order will be called (non-)holonomic material foliation of second order and
(non-)holonomic body-material foliation of second order, and denoted by
(NF) F, (NF) F, respectively.

For each X € B, we will denote the Lie groupoids Q (B) (N.F (X)) and
Q(B) (F (X)) by QN F (X)) and Q (F (X)), respectively (see Theorem [3).
Recall that Q (B) (N F (X)) is a subgroupoid of Q (B) (F (X)).

Observe that in continuum mechanics a sub-body of a body B is given by an
open submanifold of B. Here, however, the foliation F gives us submanifolds
of different dimensions (not only dimension 3). Thus, we will follow [23], 25]
for a more general definition:

Definition 13. Let us consider a submanifold P of B. Then, a Cosserat
submanifold of F'B is given by all the elements of F'B at points of P, which
is denoted by F'P. In cases where it causes no confusion we will refer to the
Cosserat material as the submanifold P.
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It is important to note that any Cosserat submanifold P inherits certain
material structure from B. In particular, the material response of a
material submanifold P is measured by restricting W to the 1—jets of local
isomorphisms ¥ on FB from FP to FP. However, it is easy to observe
that a material submanifold of a Cosserat medium is not exactly a Cosserat
material (dimension of P is not restricted to be three).

Related with [I8], we will say that a Cosserat submanifold P is a second-grade
material submanifold, if all the material isomorphisms from points on P to
points on P are natural prolongations to the frame bundle of the induced
diffeomorphisms on B. In other words, all the material isomorphisms from
P to P are 1—jets j)lQYF 1, where 1 is a local diffeomorphism on the body
B.

As a corollary of Theorem [I] and Proposition 2l we have the following result.

Theorem 8. The non-holonomic body-material foliation NF (resp.
holonomic body-material foliation F) divides the body B into mazximal
smoothly uniform Cosserat submanifolds (resp.  second-grade material
submanifolds).

It should be also observed that, in this case, “maximal” means that any other
foliation H by smoothly uniform material submanifolds (resp. second-grade
material submanifolds) is thinner than N'F (resp. F), i.e.,

H(X) CNF(X) (resp. F(X)), VX € B.

We should notice that this result provides us two different and intuitive
divisions of the Cosserat material. First, a Cosserat material could be strictly
non-uniform. However, it may be maximally decomposed into “(smoothly)
uniform parts” and this decomposition is, in fact, a foliation N'F of the
macromedium.

Theorem 9. Let FB be a Cosserat material whose mechanical response
is denoted by W. Then, B is smoothly uniform if, and only if, the
non-holonomic material equation for Cosserat media (I8)

OW OW . 0w S OW el . OW
O = A0, |5 Ul [ O Vi g Y | O S = 0.
Ox dy; ayi,k ay,i aym,i ayz’,k
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may  be solved  for any initial  condition  for  the  triple

(©'(X),0?(X),03 (X)), for adl X € B.
Notice that, for any (local) admissible vector field

0 = @"i.+®{i+@jii+@{k 2
ozt gyl oyl oyl

it satisfies that, locally

0
t _ o
© @8xi

Therefore, the functions © solving Eq. (I8]) correspond with the coordinates
of the projection ©f of the admissible vector fields © for the couple

(jl (F'B) ,ﬁ(B)). So, for each material particle X € B, we may consider
the space

Ct = {0%(X) : O is an admissible vector field}

Observe that the equation ((I8]) is linear with respect to the solutions (@i, e’ )

Therefore, c§( is a vector subspace of T'x B and it is equal to the fibre of the
non-holonomic material distribution of second-order at X, i.e.,

Ci = AQ(B)y
Hence, we may reformulate Theorem [9]in the following way:

Theorem 10. Let F'B be a Cosserat material whose mechanical response is
denoted by W. Then, B is smoothly uniform if, and only if, AS) (B)ﬁX has
dimension 3 for all particle X € B.

Thus, among other conclusions, we only have to solve Eq. (I8]) for initial
conditions on a basis of R3.

In this way, as a summary, Eq. (I8]) works to study the uniformity property
of the material. On the other hand, the holonomic material equation for
Cosserat media (I9) will be useful to study both, the uniformity and the
property of “being a second-grade material”, at the same time.

So, as a second division of the material B provided by Theorem [ the
Cosserat material may be maximally decomposed into “(smoothly) uniform
second-grade submanifolds” and this decomposition is, again, a foliation F
of the macromedium. So, a smoothly uniform material is a second grade
material if, and only if, the foliation F consists of only one leaf (equal to B).
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Theorem 11. Let F'B be a Cosserat material whose mechanical response is
denoted by W. Then, B is a smoothly uniform second-grade material if, and
only if, the holonomic material equation for Cosserat media (I19)

;OW ;oW ; oW oW 0*6!
Y 0 Ty ayjl + Yk

(2

OW N 0e!
ort  Oxt

s OW

J

— +y —— |+ =y —— =0.
Y 1 JaerL,i Oz Ox* layg,k

-0

may  be solved  for any initial  condition  for  the  triple

(0!(X),0?(X),03 (X)), for al X € B.

Again, the functions ©¢ solving Eq. (I9) correspond with the coordinates
of the projection ©f of the admissible vector fields © for the couple

(j Y(FB),Q (B)) and the space of the evaluations of these vector fields onto

a particle X € B is the fibre AQ (B)g( Therefore, we may reformulate
Theorem [[T]in the following way:

Theorem 12. Let F'B be a Cosserat material whose mechanical response is
denoted by W. Then, B is a smoothly uniform second-grade material if, and
only if, AQ (B)& has dimension 3 for all particle X € B.

In particular, a smoothly uniform Cosserat material is a second-grade
material if, and only if, the space of solution of Eq. (I9) has dimension
3 at all the points. However, this result is not enough to characterize the
second-grade character of arbitrary (uniform or not) Cosserat medium.

Theorem 13. Let FB be a Cosserat material whose mechanical response
is denoted by W. Then, all the material submanifolds of B given by its
maximal division in smoothly uniform materials are second-grade material
submanifolds, if and only if, at each particle X, all the (local) solutions ©°
for Eq. {13) generate all the solutions of Eq. (I8) by the following equalities
;087 . 00 i 0o

O] = o o) = S and O;, =

Proof. Assume that, for each particle X, all the (local) solutions © for Eq.
(I9) generate all the solutions of Eq. (I8]). Then, equivalently,

AQ (Bg(x) = AQ (B)g(x) 3

for all X € B. Thus,
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NF(E(X)) = F((X)), VX eB

Therefore, by construction we have
QWF (X)) = Q(F (X)),
for all X € B. The converse is is proved following a similar argument. O

In particular, assume that the non-holonomic material groupoid of second
order € (B) is a Lie groupoid. Then, for all particle X € B,

1

B (X) = NF(EX))

Thus, in the conditions of Theorem [13] one deduces,

-1

B (X) = FEX))

Therefore, Q (B) = Q (B).

Theorem 14. Let F'B be a Cosserat material whose mechanical response is
denoted by W in such a way that the non-holonomic material groupoid of
second order Q) (B) is a Lie groupoid. Then, B is a second-grade material,

if and only if, at each particle X, all the (local) solutions ©° for Eq. (I19)

. J
generate all the solutions of Eq. ([I8) by the following equalities O] = aa@. ,
x'l
) a(—)ﬂ . 02@j
AT gt TR T griggh

Thus, the equations (I8) and (I9) are also useful to investigate when a
Cosserat material (smoothly uniform or not) is, in fact, a second-grade
material by comparing the solutions of both equations.

5 Homogeneity

As we already know, a Cosserat medium is (smoothly) uniform if the function
W does depend on the point X in a multiplicative way (Eq. (I3)). In
addition, a Cosserat continuum is said to be homogeneous if we can choose a
global section of the non-holonomic material groupoid of second order which
is constant on the body, more precisely:
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Definition 14. A Cosserat medium B is said to be homogeneous if it admits
a global configuration ¥ which induces a global section of ( ,5) in Q (B),
P, i.e., for each X,Y € B

P(X,Y)=jxy (Yo Fryny—yx 0 V), (20)

where Tyyv)—px) : R® — R? denotes the translation on R® by the vector
Y (Y)—1 (X), and ¢ is the induced map of ¥ over the macromedium B. B is
said to be locally homogeneous if there exists a covering of B by homogeneous
open sets. From now on, in cases where it causes no confusion we will refer
to local homogeneity as homogeneity.

Proposition 15. Let FB be a Cosserat medium. Then, FB is (locally)
homogeneous if, and only if, there exist (local) reference configurations such
that for the associated constitutive laws W does not depend on the base points,
1.€.

W (j}(,yél) =W (jé7Tq>2) ’
whenever it satisfies the associated Jacobian matrix of ®1 and & at X and
7, respectively, are equal.

Therefore, a material body is homogeneous if there exists a configuration
such that the material response does not depend on the body points.

Notice that local homogeneity is obviously more restrictive than smooth
uniformity. In fact, a homogeneous Cosserat body is a smoothly uniform
body in which the (local) smooth fields of material isomorphisms (see
Definition [I2]) may be chosen to be induced by configurations in the sense
of Eq. (20). Sections of ( ,5) in Q(B) given by Eq. (20) will be called
homogeneous sections.

However, in a purely intuitive picture, homogeneity can be interpreted as the
absence of defects. Thus, it would make sense to have a proper definition
of homogeneity for non-uniform Cosserat media. In the literature we can
already find some partial answer of this question ([1} [16] for FGM’s, [12] 20]
for laminated and bundle materials and [25] for simple materials).

Definition 15. Let I'B be a Cosserat material and P be a submanifold of B.
P is said to be homogeneous if, and only if, for all point X € P there exists
a local configuration W of FB on an open subset FFU C FB, with P C U,
which satisfies that
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Jy.z (T 0 Ty(z)—p(r) 0 )
is a material isomorphism for all Y, Z € P. We will say that P is locally

homogeneous if there exists a covering of P by open subsets U, of B such
that U, NP are homogeneous submanifolds of B.

As we have proved previously, the non-holonomic body-material foliation
N F divides the body into smoothly uniform components (see theorem [).
We will rely on this result to provide the intuition behind the definition
of homogeneity of a non-uniform body. Roughly speaking, a non-uniform
Cosserat medium will be (locally) homogeneous when each smoothly uniform
material submanifold N'F (X) is (locally) homogeneous and all the uniform
material submanifolds can be “straightened at the same time”.

Remark 3. Now, suppose that F'B is (locally) homogeneous. Then, if we
take the coordinates (z') on B given by the induced diffeomorphism v of the
definition [[4], we deduce that the section P of Eq. (20) is expressed by

o 9P gp?
P(;L'”yj) — ((;pl’y]’PZ.]) ’5g, 81’2 + 8y2> (21)

In fact, taking into account the expression of the coordinates (R]), we have
that ' '
PH(X,Y) =y (P(X,)Y)) (ers)

Hence, for a fixed two particles Xy, Yy € B,

0 (yf (P (Xo,Y0)) (e14))

Pz],k (X0> Yb) =

’ Oxk
Oy (P (X dxe v (X)) (e12))
Oxk
opP!  oP!
oxk — Oyk

where,

Uxoye =¥ (¥ (X) — 1 (Xo) + ¢ (Y0))

So, FB is homogeneous if we can cover B by local coordinate systems ()
which generate (local) fields of material isomorphisms satisfying Eq. (2I). ¢
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Let us consider a smooth section P of the anchor map (@,B) of J' (FB).
Then, P generates a left-invariant vector field ©F on J' (FB) in the following
way,

@fG%XJ)ZYkF“f<&Z ) (22)
B%

Here, for each two material points X, Y € B, PY (X) =P (X,Y). If P is an

homogeneous section, in coordinates, we have that,

0
ayg,l 7

» O 0P 0

o*p! 0P/
T 00k T Gk oy

oxkxl — Oxkyl

) (23)

at the identities. So, smoothly uniform bodies are homogeneous if, and
only if, the space of admissible vector fields for the couple (j Y(FB),Q (B))

may be generated by local vector fields given by Eq. (23), for all £ or, in
other words, we may find coordinates (z°) and local functions P/ on the
macromedium B satisfying the equation,

=0, k=123 (24)

ow _ oplow [ #PL &P ] oW
ok Y gk 8%? I Gakgm Oxkym 8ygm

Eq. ([24) is, again, second order partial differential equation and, it will be
called homogeneity equation for Cosserat media. Notice that, Eq. (24)
makes sense even without the uniformity condition. So, we will use this to
present our definition.

Definition 16. A Cosserat medium B will be said to be homogeneous if
it admits coordinates (z%), and functions P}, globally defined on the body,
satisfying the equation,

oW oPlow ([ .[ &*P. 9P o) oW
! . ! ! . — = (. 2

for all k =1,...,dim (AQ(B)). B is said to be locally homogeneous if there
exists a covering of B by homogeneous open sets.
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Theorem 16. Let F'B be a Cosserat body. B will be locally homogeneous if,
and only if, for all point X € B there exists a local configuration V of B,
defined on FU with X € U, which satisfies that

Jvz (¥71 0 Tyz)—pry 0 P)
is a material isomorphism for all Z e U NN F (V).

Proof. Let us assume that B is (locally) homogeneous. Then, it admits
coordinates (z'), and functions P/, globally defined on the body, satisfying

Equation (25),
ow  OPIOW i[ 0*P 9?P! i) oW
Ty ; Yy Im i ;
oxk Oxk gy Oxkx™ = Qxkym ’ oyl

= 0.

forall k =1,...,dim (Aﬁ (B)) Thus, the local section given by

_ Pl ap!
i o7\ ] J J 2 ?
P(x’y)_<(x’y’PZ)’6“8x’f+8yk>

satisfies that, its induced left-invariant vector field ©F on J'(FB) is
an admissible vector field for the couple (jl (F'B) ,ﬁ(B)), for all £ =

1,...,dim (Aﬁ (B)) In other words, the vector fields @,? are tangent to

the non-holonomic material distribution of second order AQ (B)". Then, by
Eq. ([22)), we may assume that P satisfies that

P(Y,X)e NF(e(X)),

for any two material particles X and Y, at the domain I/ xU of P, at the same
fibre (Y € NF (X)), i.e., P is a smooth field of material isomorphisms when
it is restricted to the leaves of the non-holonomic body-material foliation
of second order (recall that the non-holonomic body-material foliation N F
divides the body B into maximal smoothly uniform Cosserat submanifolds).
Let us now fix Z, € 728 such that 72 (70) = Zy € B. Then, we may define
a section P, of 7 given by

P 2 (X) :ﬁ(Z()vX) '70
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Observe that, for any two particles X,Y € U,
= = = -1
P (Xv Y) = PZO (Y> ' [PZO (X)] (26>

On the other hand, by taking into account the projections 7% and 72, we may
projects Py, into two sections of F'3 as follows,

i QZO = 77—% © on

° PZO = ﬁ'% o fzo

Notice that, by the local coordinates of P, we have that, there are local
coordinates ¢ of B in such a way that,

Qz, (X) = Jox (V7 0 7y(x))
Thus, we construct the following map

V. FV - FU
Jozf = Pz (WTHZ)) oo (T-z © f)

U is a local principal bundle isomorphism over 1~! with inverse given by
jé,zg € FU — jé,¢(2)7w(2) [Pz ()]} 'jé,zg-

In fact, we may prove that

P (X) =J. 5 (Vo Fryx))
Therefore, by using Eq. (26)), we have that
PXY) =jxy (Vo Fryw)ux) o), VX,V el.

Consequently, P is a homogencous sections for all the leaves of the
non-holonomic body-material foliation of second order with non-empty
intersection with the domain of P.

The converse is analagous.

O

It is remarkable that, this theorem provides an intuitive view of the definition
of homogeneity for non-uniform Cosserat bodies. In fact, roughly speaking,
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a Cosserat medium will be homogeneous, if all the leaves N'F (X) of the
unique division of the material into smoothly uniform Cosserat submanifolds
are homogeneous (in the sense of Definition [I5]). Notice also that, the
condition that all the leaves N F (X) are homogeneous is not enough in
order to have the homogeneity of the body B because there is also a condition
of compatibility with the foliation structure of N'F given by the fact of that
for all the leaves there are configuration which are homogeneous for all the
leaves at the same time. In mathematical terminology, this fact means that
the homogeneous sections are induced by foliated charts for the foliation N F.

Thus, the definition of homogeneity for a smoothly uniform Cosserat
medium coincides with Definition

6 Conclusions

In this paper we have dealt with a model for media with microstructure,
called Cosserat material. Here, we have used the so-called characteristic
distributions.

Thus, for the case of Cosserat material, we have considered two different,
but canonically defined, characteristic distribution, called non-holonomic
material distribution of second order and holonomic material distribution
of second order, respectively. Denoting by W to the mechanical response, we
have proved that both distributions are characterized by the left-invariant
vector fields which are in the kernel of TW (Eq. (I7)) and the complete
lift of vector fields on the macromedium B which are in the kernel of
TW  respectively. Therefore, we have found two different equations to
construct these characteristic distributions without integrating vector fields
(see definition of the characteristic distribution in section [2I),

e Non-holonomic material equation for Cosserat media (IS)

@aw+@l '8W+yl'kaw +0, '8W+y' . ow +0! .y} W _,
o Oy Oy’ Loy, Moyl Y

e Holonomic material equation for Cosserat media (9]
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iaw+a®l yjaw+yjaw+yj ow Ly oW |, %! yjaW
oxt 9wt Moyl Moy, Moyl ™oy, | 0woet T oyl

(2

-0

We have also proved that the Cosserat material is uniquely divided into
smoothly uniform submanifolds and second-grade material submanifolds,
respectively.  Furhtermore, the space of solutions of these equations
characterizes these two properties (Theorems [0 [IT], 13| and [I4]).

Finally, by using these results, we have dealt we another property,
homogeneity. In particular, we have been able to define, by first time,
a notion of homogeneity which is valid for non-uniform materials and
generalizes the known notion of homogeneity. Roughly speaking, a Cosserat
material will be homogeneous, when each smoothly uniform material
submanifold is homogeneous and all the uniform material submanifolds can
be “straightened at the same time”.

Next, we found another differential equation,

e Homogeneity equation for Cosserat media (23]

0W+ jﬁPilaW+ i[ 0*P N 0?P! i) oW
ok gk oyl I | Bk Oxkym Lm ayl{m

=0,

i
which characterizes this intuitive notion of homogeneity.
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